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ABSTRACT: We consider supersymmetric Wilson loops of the variety constructed by
Drukker, Giombi, Ricci, and Trancanelli, whose spatial contours lie on a two-sphere. Work-
ing to second order in the 't Hooft coupling in planar N' = 4 Supersymmetric Yang-Mills
Theory (SYM), we compute the vacuum expectation value of a wavy-latitude and of a loop
composed of two longitudes. We evaluate the resulting integrals numerically and find that
the results are consistent with the zero-instanton sector calculation of Wilson loops in 2-d
Yang-Mills on S? performed by Bassetto and Griguolo. We also consider the connected
correlator of two distinct latitudes to third order in the 't Hooft coupling in planar N' = 4
SYM. We compare the result in the limit where the latitudes become coincident to a pertur-
bative calculation in 2-d Yang-Mills on S? using a light-cone Wu-Mandelstam-Leibbrandt
prescription. The two calculations produce differing results.

KeEYywoRDS: [Field Theories in Lower Dimensions, AdS-CF'T" Correspondence, Matrix
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1. Introduction and results

The study of Wilson loops in N = 4 supersymmetric Yang-Mills theory ([, P] has provided
a unique and rich avenue for probing the AdS/CFT correspondence [J] as well as the theory
itself. Certain loops which respect some of the supersymmetries of the underlying theory

have been analyzed with great success. Loops with arbitrary shape may be constructed

with enough supersymmetry to yield trivial vacuum expectation values [f, [, a result which

is also well understood in string theory []. Supersymmetric Wilson loops with non-trivial

vacuum expectation values are also of prime interest. The 1/2 BPS circle was understood

early-on to be described by a zero-dimensional theory - the celebrated Hermitian matrix

model of Erickson, Semenoff, and Zarembo [[J]. This matrix model appears to encode the



object entirely [[[(], including the string-side manifestation of large representations [[[1—
1§ and two-point functions with local operators [I9—PR2]. Indeed, a recent paper [RJ
has claimed a proof of this result. Recently, a much larger class of supersymmetric loops
with non-trivial expectation values were discovered [24]. These loops lie on an S3 and are
generically 1/16 BPS. An important subclass of those loops lie on a great S? inside the S3.
It has been suggested by their discoverers that these Wilson loops might be captured exactly
by a reduced two-dimensional model which one could describe roughly as a perturbative
pure Yang-Mills theory on S2, where the Wu-Mandelstam-Leibbrandt 2§ -R7] prescription
for the regularization of the propagator is used [, @] We will refer to this simply as the
“reduced 2-d model”.

The Wilson loop on S2 proposed by [B4] is given by
1 . . .
vaﬁmwwmfﬁrgﬂ&+gﬂﬂﬁmﬁ@) (1.1)

where z'(7) (where i = 1,...,3, I = 1,...,6) is a closed path on S? and M} is a 3 x 6
matrix satisfying M MT = 1 and which we will take to be M} = 1 (no summation implied)
and all other entries zero. The existing evidence that this object might be captured by a
reduced 2-d model has been presented in 2§ and [B9. Here we will give a short review
of those results. Omne of the most compelling observations is that the combined scalar
and gauge field (Feynman gauge) propagator joining two points x and y on the loop (the
so-called “loop-to-loop propagator”) is given by

2
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where R is the radius of the S2. This indeed is the propagator of pure 2-d Yang-Mills in
a certain gauge, with coupling g3, = —¢*/(47R?). Using this one can prove via Stokes
theorem that for a general closed contour on S?

A A,
242

where A = ¢?N, and A; and A, are the two areas of the S? bounded by the Wilson loop,
while A is their sum, the total sphere area. This result can then be compared to that for

(W)=1+X +0(\?), (1.3)

a Wilson loop of arbitrary path in 2-d Yang-Mills on S? in the zero-instanton sector, as
calculated by Bassetto and Griguolo [BJ] using the expansion of Witten [B3, B4].! Under
the proposed relation between the 2-d and 4-d coupling, that result reads?®

1, 5 A1 As 9 A1 A2
<W> = NLN—l <_g A2 eXp | 9 A2 ’ (14)
and agrees with ([[.J) to first order in A. In fact the 1/2 BPS circular Wilson loop of
N = 4 supersymmetric Yang-Mills theory, and further, Drukker’s 1/4 BPS generalization

In the work [E], it was shown that in summing this expansion, instantons are crucial for the recovery
of strong coupling physics [@]
2L™ is the Laguerre polynomial L7 (z) = 1/n! explz]z ™™ (d/dx)™ (exp[—x]z" ™).



of it are special cases of ([[.L1). As mentioned above, there exists a wealth of evidence
(both at weak and at strong coupling, and especially for the 1/2 BPS circle) that these
loops are described exactly by a Hermitian matrix model, whose result for (W) agrees
precisely with ([.4). Finally, the authors in [2J] present a strong coupling calculation of
(W) for a Wilson loop composed of two longitudes separated by an arbitrary angle using
the AdS/CFT correspondence. That result is also in agreement with ([.4).

In the decompactification limit R — oo, ([.4) agrees with the perturbative calculation
of Staudacher and Krauth [BI]], performed by summing-up ladder diagrams in the light-
cone Wu-Mandelstam-Leibbrandt prescription for 2-d Yang-Mills in the plane. The “2-d
reduced model” proposed in @] is essentially the same idea; albeit on S? rather than the
plane and in a different gauge. They first give an action on an S$? parametrized by complex
coordinates z, z

- 1
Tt = z4+zZ,—i(z — 2),1 — 2Z). 1.5
gyl (z—2) ) (1.5)
Beginning with generalized Feynman gauge with gauge parameter £ = —1 they propose

the following Langragian density

_ﬁ l a2_1 YAV
£= %7 | RS — 5(v A (1.6)

where g is the determinant of the S? metric (i.e. ds? = 4dzdz/(1 + 2zZ)?). This leads to
propagators for the A, and A; fields as follows

B g2 1 1 Z—w

(Az(2) Az (w)) = %d (14 22) (1 +ww) z—w (1.7)
a1 L z-w |

(Az(2) Az(w)) = %d (1422) (14 ww)z—w

which agree with ([.J) when written in the original cartesian coordinates. In the de-
compactification limit these propagators coincide with the Wu-Mandelstam-Leibbrandt,
light-cone propagators used by Staudacher and Krauth, up to a factor of 2. However one
can change here to a light-cone gauge, setting A; = 0; this gauge choice just results in
twice the first propagator in ([.7). This light-cone gauge propagator takes on the form

Dyq +iDy (1.8)

where Dyq is the loop-to-loop propagator from N =4 SYM in Feynman gauge (i.e. ([[.9))
while iDy is a new imaginary piece generated by the gauge transformation. Employing
this gauge affords a great simplification in Feynman diagrams since interactions are clearly
removed; one needs only consider the sum of ladder diagrams. These might reproduce ([L.4)
for single Wilson loops on S2. For the connected correlator of two Wilson loops, one can
simply compare N’ =4 SYM results to ladder diagrams.

It is the purpose of this paper to explore the connection of the Wilson loops (EI) to
the proposed reduced 2-d model further. We consider the vacuum expectation value (VEV)
of the Wilson loop constructed in [2J] consisting of two longitudes to second order in the 't
Hooft coupling. The resulting integrals involve Feynman parameters as well as integrations



Figure 1: The three geometries of Wilson loops on S? we consider: two longitudes, wavy-latitude,
and two latitudes.

over the longitudes themselves. We find that for angles away from zero separating the lon-
gitudes, numerical integration produces accurate results. These are in excellent agreement
with ([.4). We continue to the same calculation for a “wavy-latitude”: a latitude with a
sinusoidal wave of low period in the polar angle describing it, see figure f. Using the same
techniques, we similarly find excellent agreement with ([L.4), and for a continuous range
of wave amplitudes. We also consider the connected correlator of two distinct latitudes
to third order in the 't Hooft coupling. In this case we cannot compare to the Bassetto
and Griguolo result, as that result is valid for the VEV of a single Wilson loop and not a
connected correlator of two. Instead we compare to the reduced 2-d model of [R9] presented
above, in light-cone gauge. The reduced model produces results which are consistent with
the result from planar N' = 4 SYM at leading order (second order) in the 't Hooft cou-
pling. However at the next order, i.e. third order in the ’t Hooft coupling, we do not find
agreement. It is possible that in another gauge, e.g. the generalized Feynman gauge with
& = —1, a result in agreement with the A/ = 4 calculation could be found. Both the re-
striction to the zero instanton sector, and the Wu-Mandelstam-Leibbrandt prescription are
issues which could preclude gauge invariance here. It was shown in [B9] that for a circular
Wilson loop, the £ = —1 gauge and the light-cone gauge give the same result at second
order in the 't Hooft coupling, however the same might not be true here at third order.

The structure of the paper is as follows. In section f| we calculate the VEV of single
Wilson loops; we consider the case of two longitudes and of a wavy latitude. In section J
we compare the connected correlator of two latitudes, as calculated in A" =4 SYM to the
expectation from the 2-d reduced model in light-cone gauge. We conclude with a discussion
of the results in section [ The details of the calculations, which are very complicated, have
been included in the appendices. As this manuscript was being readied for publication [B7]
appeared which has some overlap with section ..

2. Calculations of (W) at O(A\?)

We consider the VEV of a Wilson loop of the variety ([.])). As explained in the introduction,
at O(\) these loops have been proven to be captured by ([.4). We would like to understand
whether this agreement persists at the next order in perturbation theory. A two-loop
calculation was performed for the 1/2 BPS circle in [[J]; we follow that calculation closely
and refer the reader there for conventions and notation. We use the Euclidean action of
N =4 SYM in Feynman gauge and dimensional regularization.



Figure 2: The two-loop, non-ladder/rainbow diagrams contributing to (W). The Wilson loop is
indicated by the outer circle. Internal solid lines refer to scalar and gauge fields, while the greyed-in
bubble represents the one-loop correction to the propagator.

There are three types of diagrams contributing to (W) at O(A2?). The simplest are
the rainbow/ladder graphs - those graphs without interaction vertices. The next contri-
butions come from diagrams with interaction vertices, these are shown schematically in
figure P In what follows we will assume smooth Wilson loop contours; the case of the two
longitudes will be slightly different. We may generalize eq. (13) of [[J], which gives the
contribution from the diagram on the left in figure . In keeping with their notation, we
call this quantity g

)\2
23: 4 dTl dTQdTg 6(7’1 Tng)D(Tl,Tg)I"Q'ale(wl,xg,wg) (2.1)
where? we have used D(7y,73) to refer to the numerator of the loop-to-loop propagator,
i.e. in our case D(7y,79) = (&1 - &2)(x1 - x2 — 1) — (21 - #2)(x2 - 1), while the function G is
as defined in [J]

D(2w—3) [1
:%/0 dadBdy (afy) 20(1 —a—B—7)

1
[aB(x1 — 22)? + By(x2 — 23)% + ay(x1 — 23)?]

where the number of dimensions is given by d = 2w, so that the physical dimension is at
w = 2. Using the fact that?

G(:L'l, 9, :Eg)
(2.2)

2w—3

d
j{dﬁ dro dT3 d_Tl (e(my T2 13) D(71,73) G(21, 22, 23)) = 0 (2.3)

one may prove that

2
%dTldTg G’Tz, 7'3) = )\Z %dﬁ dry drs e(T1 T2 72) 07y (D(71,73) G) . (2.4)
T1=T2

In fact, as shown in [fJ], on the physical dimension, the L.h.s. of the expression (R-4) (which
is divergent) reduces to exactly minus the contribution of the diagram pictured on the right

3The symbol €(71 72 73) refers to antisymmetric path-ordering. It is given by +1 for 71 > 72 > 73 and is
totally antisymmetric in the 7;.
4This is the relation which must be modified for curves which are piecewise defined.



Figure 3: A Wilson loop composed of two longitudes.

of figure f]. The sum of the two diagrams is therefore given by (calling the contribution of
the second diagram )

A2 .
Y34 Yy = I %dﬁ dro drs e(Ty 7o 73) [D(11,7T3) &2 - 02y G — 07, (D(11,73) G)] (2.5)

which for the 1/2 BPS circle [[]], and for the latitude [B(] is easily proven to be zero. As
long as the Wilson loop under consideration is finite at one-loop, i.e.

D(my, T .
j{dﬁ dry ﬁ = finite (2.6)

it also easy to see that (R.5) is finite. We will discuss this point further in section P.3.

Our strategy is to evaluate the rainbow /ladders and the quantity (R.5) using numerical
integration, and to compare to the expectation from (B) Expanding that expression in
the large-N, small-A limit, one finds

~ ~

2

(W) = 1+gAl(zm—Al)+1%2(A1(47T—A1))2+~~ (2.7)

where we have defined A = \/(472) and where A; is either of the areas enclosed by the
Wilson loop on S2.

2.1 Two longitudes

We consider the Wilson loop defined by ([.T)) consisting of two longitudes separated by an
azimuthal angle § on S2, as pictured in figure B This loop was first constructed in 9] and
it is relatively straightforward to prove that it is indeed captured by ([.4) to first order in
the ’t Hooft coupling directly. The longitudes are given by

z' = (sint, 0, cost), 0<t<m
x' = (—cosdsint, —sindsint, cost), m<t<2m (2.8)
where the first longitude couples to the scalar field ®,, and the second to — P, cos +P4 sin 4.

The combined gauge field and scalar propagator joining two points on the same longitude
is a constant \/(472) x 1/2 = A\/2, while that joining the two longitudes is given by

« —X1 - X9 — COSO cos d costy costy — sinty sinty — cosd

P(tl,tQ) =\

=\

. 2.9
2(1 — xq1 - x9) 2(1 + cos d sinty sinty — costq costa) (2.9)
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Figure 4: A subset of the two-loop diagrams.

We begin with those rainbow /ladder graphs which do not involve the propagator P(t1,t2);
these are pictured in figure . We find that these diagrams yield the following

)\2 t1 to t3 t1 to t3
/dtl/ dtg/ dtg/ dt4<> +2/ dtl/ dtg/ dtg/ dt4<>
t1 t3 7.{.4 7T2 5)\2
dty | dty | dts | dt 2 2492 ="t (21
/ 1/ 2/ 3/ 4<> ~16 [( 2 +<2v>} 10a" (210)

where the leading factor of 1/4 comes from the traces over gauge group matrices, while

the 1/4! which comes from the expansion of the Wilson loop to fourth order has been
eliminated by the 4! equivalent orderings of the fields in that expansion. The next class
of two-loop rainbow/ladder diagrams contain the P(t1,t2) propagator and are pictured in
figure fl. We find the result for these diagrams to be

r=2 /Q”dtl [ a /”dtg /“dm (3) (Pler.ta) + Plo.t2)

o " " (2.11)

‘|‘ — dtl/ dtQ/ dt3 dt4P tl,t4 (tg,tg)
There are two checks which we can make on the sum of two-loop rainbow /ladders. The
first is at § = 0 where the longitudes lie atop one another with opposite orientation. Here
the result should be zero, and is. The second is at § = 7 where the longitudes degenerate
to a great circle. Here the result should match that of the 1/2 BPS circle, since there
internal vertex diagrams cancel [J. One can check that this test is also passed.

The expectation from (B.7) at two-loop order is easily seen to be A262(21 —6)2/12. Tt
is interesting to ask whether or not the sum of two-loop rainbow/ladder diagrams is already
proportional to §%(27 — §)2, even without the contribution of the internal vertex diagrams.
Due especially to the last integral in (R.11), we need to resort to numerical integration
in order to answer this question. As we will see the answer is no. The internal vertex
diagrams, however, give a finite contribution which together with the rainbow /ladders,
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Figure 5: A (different) subset of the two-loop diagrams.
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Figure 6: Two-loop results for a Wilson loop composed of two longitudes (;\ is set to 1). In red
dots the result of numerical integration is shown. In black triangles the expectation from (@) is
plotted. On the right data including the result from only rainbow/ladder diagrams (blue squares)
are plotted with the expectation from ([L.4) subtracted.

reproduces the prediction from ([.4). Due to the fact that this Wilson loop is piecewise
defined, the interacting diagrams and their divergence cancellation is more subtle than that
presented at the start of this section. We have relegated the details to appendix [ We
find the following result for the finite remainder after the divergence cancellation

B1+By+B
:——/ dadfdyo(1—a—Lp3— ’y[/ dTl/ dTg/ drse(ToT3) 1+A§+ 3

(2.12)
2m (14+0)(24+c1+c2)
dm dT2
[aB(14+0s189—c1c2)+By(1 + co)+ay(l + c1)]
B1 4 By 4 Bs =ay(0? — 1) [251(c3 — ¢3) — s1¢1(1 — cos T23)]
+ay(o+1)(sy — s3)(cs — c1) (2.13)

+ ay(o + 1) [sin 7y — sin 775 + sin 7o3]

+ ary(o + 1) sin 7o3(1 — cos 713) + By(o + 1)c1s3(1 — cos Ta3)



where we have introduced some shorthand o = cosd, ¢; = cos7;, s; = sin7;, 7 = 7 — 75,
_l’_
-

i = Ti +7j, and

A =af(1 + osin Ty sin g — cos 11 cos 12) + By(1 — cos 23) (2.14)
+ ay(1 + osinTy sin 73 — cos T cOS T3). '

We have evaluated the complete result 5\2m? /192 + Ay + A3 via numerical integration.
The results are shown in figure i for a range of opening angles ¢ as red dots with estimated
error bars. Also plotted as black triangles is the expectation from ([.4), i.e. 226227 —
§)2/12. On the right the results, including the rainbow/ladder contribution alone (i.e.
5A2711 /192 + Ay) are plotted with the expectation from ([L4) subtracted. It is clear both
that the rainbow /ladders fail to reproduce the expectation from ([.4), and that the addition
of Az, at least for angles § away from § = 0, reproduces them excellently. As § = 0 is
approached the numerical integration is no longer reliable (as evidenced by the growing
error bars). The reasons for this are discussed in section P.3. We also note from (R.17) that
A3 vanishes exactly for § = 7 when the longitudes degenerate to a circle; this is a consistency
check against the known vanishing of interacting diagrams for the 1/2 BPS circle [f].

2.2 Wavy latitudes

We now consider ([L.1)) using a class of closed contours we refer to as “wavy latitudes”.
They are given by

Z(7) = (sinf(7) cos 7, sin§(7) sin 7, cos §(7)), 0(1) =6y + Acosnt (2.15)

where n is an integer. For A = 0 these loops reduce to the latitudes which were shown
in 4] to be essentially the same (via a conformal transformation) as the 1/4 BPS circle
of Drukker [B{], and for which the 1/2 BPS circle is a special case. In figure ], we have
plotted the curves for 6y = w/4, and A ranging from 0 to 0.3 for the cases n = 2,3. The
viewpoint is straight down the north pole of the sphere, i.e. the contours have been (flatly)
projected into the z1-x9 plane. The rainbow/ladder contribution is given by

5\2

27 1 T2 T3
E1—Z ; dn/o d7'2/0 d7'3/0 dT4[Q(7’1,T4)Q(TQ,T3)—|—Q(7-1,7-2)Q(7—377—4)] (2.16)

where Q(71,72) is defined by the integrand in (R.17). We call this contribution the “two-
rung contribution”. At O(A), there is no need to verify agreement of the wavy latitudes
with (R.7), as this agreement can already be proven for a general contour as explained in
the introduction. That being said, we may continue with the one-loop analysis anyways, as
it serves as a warm-up to the two-loop analysis which follows. Expanding ([[.1]) to leading
order in the 't Hooft coupling A, we find

(W) = 1+%/d71/d72 (@1 - d2) (21 ';il—_lll—' Eca;l)-aéz)(wz'il) (2.17)

where z; = #(7;), we have used the fact that z7 = 1, and we have defined A= A/(4r?). Tt is
not particularly illuminating to substitute the expression for the wavy latitude (R.19) into
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Figure 7: The contours ) are plotted from the view-point straight down the north pole of the
sphere (flat projection). Here 6y = 7/4 while A ranges from 0 to 0.3. On the left n has been set to
2, on the right n = 3.
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Figure 8: The coefficient of A from (@) is plotted as black triangles for the wavy latitude with
0o = 7/4 and “amplitude” A ranging from 0 to 0.3. Also plotted is the analogous term from N = 4
SYM perturbation theory (red dots). As guaranteed by the results of [@], the data coincide.

this expression. Instead we note that for A < 6y (at A = 6y the contour self-intersects and
thus develops cusps) the expression (R.17) may be integrated numerically to high accuracy.
The expectation from (R.7), requires the evaluation of

2m
A = / dr (1 — cos(fp + Acosnr)). (2.18)
0

This integral also requires numerical integration, however it may be evaluated with ex-
tremely high accuracy. In figure § we have plotted the coefficients of A from expres-
sions (R.17) and (R.7) for 6y = m/4 and the “amplitude” A ranging from 0 to 0.3. The data
lie on top of one another, and the error bars lie within the data points.®

5 . .
°In these expressions there is no dependence on n.

— 10 —
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Figure 9: In the top two graphs, the “two-rung” contribution ¥, /A? (see (2.1)) is plotted as red

dots for the contours (R.1§) with 6y = m/4, “amplitude” A ranging from 0 to 0.3, and for n = 2
on the left and n = 3 on the right. Also plotted, as black triangles, is the expectation from @)

In the bottom two graphs, we have replaced 31 — X1 + Yo + X3, i.e. the full two-loop result; the
agreement with (P.7) is excellent.

In figure [ we show the numerical evaluation of the two-rung contribution (see (B.14))
21/5\2 for 0y = mw/4, A ranging from 0 to 0.3, and for n = 2,3. Also plotted is the
coefficient of A2 expected from (BA). It is clear that the two-rung diagram alone does not
agree with (R.7), except in the trivial case A = 0 when the regular latitude is recovered.
Also in figure [, in the bottom two graphs, we show the same analysis, however this time
adding the contribution from Y5+ X3 (see (R.5)). It is seen that within numerical accuracy,
which is excellent, there is agreement with the expectation from (B.7).

2.3 Comments on numerical accuracy

The mechanism whereby the divergence present in (-5) cancels was discussed in [2(]. The
divergence is found by setting the Feynman parameter v to zero. One then finds®

Xt da D(1y,713)
Z/O a(l—a) > (219)

(w1 — 22)?
SThe divergent « integral represents an integrable singularity for the other Feynman parameter 3.

(224-23)4/:0 =— %dﬁ dro dr3e(my 19 73) (Or, + 07, ) (

— 11 —



Figure 10: Two distinct Wilson loops given by latitudes at polar angles 6} and 63.

where the derivative in 75 comes from the first term in (2.5) and the derivative in 7y from the
second. Migrating these derivatives to the path ordering symbol via integration by parts,
equal and opposite factors of §(1; — 72) are obtained. Thus in the 71-79 integration there
are logarithmic divergences which cancel between the first and second term. By exploiting
the symmetries of the integration in (R.H) one can express the integrand such that it is
manifestly zero for the case of the 1/2 BPS circle. When a small deformation such as the
amplitude A for the wavy latitude is turned on, the compensating logarithmic divergences
just described become present, but are weighted by a small number which doesn’t compete
with the rest of the integral. For a large enough deformation however, the weighting is
competitive and the error stemming from the numerical integration’s inability to reliably
cancel-out non-converging regions becomes significant. Although slightly modified due to
its piecewise definition, the same comments apply to the case of the two longitudes. This
is why we have been unable to obtain reliable results when § is near zero. Analyzing the
wavy latitudes for larger n or A similarly leads to poor convergence.

3. Connected correlator

At a given order in perturbation theory, it is generally simpler to calculate a connected
correlator of two Wilson loops as compared to the VEV of a single loop. This fact was
exploited for the 1/2 BPS circle in [, f]] to check the matrix model conjecture [d, [[d] to
third order in the 't Hooft coupling. We have therefore computed the connected correlator
of two Wilson loops of the variety ([[.I]), given by two distinct latitudes at polar angles 65, 63
on S?, see figure [[0. The result is compared, in the limit that the latitudes are coincident,
with the computation performed using the reduced 2-d model in light-cone gauge, where
there are only ladder diagrams. It is found that the scaling with the difference between
the two latitude angles h = cos 6} — cos #2 does not agree between these two calculations.

As discussed in the introduction, the reduced 2-d model light-cone gauge propagator
joining the two latitudes has the following structure

Daq = Dag + 1Dy (3.1)

where D,q is the combined gauge and scalar field propagator joining the latitudes in N' = 4
supersymmetric Yang-Mills theory in four dimensions, while Dy is an extra piece (here pro-
portional to the difference in polar angles, i.e. h). Working with gauge group SU(N), and
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in the large-N limit, it is trivial to show equivalence between the connected correlator in
the 2-d and 4-d theories at order A2. This is because in both cases, only the 2-rung ladder
diagram

contributes. Because of the form of Dy, it is then straight-forward to see that its presence
integrates to zero. The real test comes at the next order in the 't Hooft coupling. At this
level one can show that, should the reduced 2-d model capture the physics

I = T T

where, on the Lh.s. we have a contribution which stems from a 2-d model diagram with
three propagators, however with two insertions of the imaginary part of the propagator
(i.e. Dy), and on the r.h.s. we have a sum of interacting diagrams of the 4-d theory, N’ =4
SYM, and where all possible variants including scalar fields are implied. The l.h.s. con-
tribution may be obtained precisely, as the integrals over the points on the latitudes are
evaluable. On the r.h.s. we find a by now well-known divergence cancellation between the
last two diagrams. We can then express everything in terms of finite integrals over the
bulk space-time interaction points. These in turn can be analyzed in the limit where the
two latitudes are coincident. The results are that

< S5 >

while,

thereby precluding agreement between the light-cone 2-d, and the 4-d theory.

3.1 Preliminaries

The latitudes we consider are given by

1
W= TrPexpj{dr (ii" A, + |20 @), (3.2)
where
xt = (sbycosT,sbysinT, chy), o = (—cbp cos T, —cBy sin T, s6p), (3.3)
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and where we have used the shorthand cfy = cosfy and similarly for sin. The combined
gauge field and scalar propagator joining the two latitudes (in Feynman gauge) is then

given by
Dy = 9_2 —&1 - By + |21]|#2]01 - O is@és@% [cos T12(ch)ctE — 1) + s6}s63] (3.4)
127 yr2 (z1 — x9)? 472 2 (1 — ch}ch? — s6} 502 cos 7'12) ’
This “loop-to-loop propagator” is more compactly expressed as
g% (1 —chjch?) cosTi2 + A s0}s02
19 = > — ), A= ——5—. (3.5)
4Am2 2 cosTig + A1 cfich — 1

We are interested also in a reduced 2-d theory living on an S? parametrized by the complex

variable z such that 1

- 1+ 22

a (z+2z,—i(z — 2),1 — 22) (3.6)

and so z = €' tan(fy/2) describes our latitudes. This theory is pure gauge. Its fields are
A, and A;. In the light-cone gauge A; = 0 while 2§, P9

292 1 1 z-w

A, (2) A, - .
() 4] = S ) T wn) s —w’ (3.7)
where g2; = —g?/(4m). In this theory we may also construct the standard Wilson loop

% TrPexpi ¢ Adz. The loop-to-loop propagator here is
292, 505502 [ A2eT iz 4 \Zelm2 — 2\ )\

Dyy = i25, 59 (A () A, _ %924 8Y08Y% [ A1 2 3.8
12 =1 Z1Z2< (Zl) (Z2)> ™ 4 )\% + )\% — 2A1)2 COS T2 ( )

where \; = tan(6}/2). This can be put into a much more suggestive form

g% (1 —chich?) cos T2 + A g% (O} — ch?) sin 719
D12 = —F — 11— — (39)
4Am2 2 cosTig + A1 472 2 cosTig + A1

where we see that the real component is exactly the loop-to-loop propagator in the 4-d
theory, i.e. D12 defined in (3.4).

3.2 A relation between diagrams

We are interested in calculating the connected correlator between two Wilson latitudes,
both in the 2-d and 4-d theory. We begin with the 2-d calculation. We perform calculations
using the gauge group SU(N), in the large N limit. Therefore we are interested only in
planar diagrams, while single insertions on a Wilson loop vanish since the generators of
SU(N) are traceless. The 2-d theory, being in the light-cone gauge, is free of interactions -
it has only ladder diagrams. In fact there are three 2-d ladder diagrams which are trivially
equivalent to those of the 4-d theory. These are pictured in figure [[. In the first two
diagrams, due to the fact that at least one of the loops has only two insertions, and due to
the cyclicity of the trace, the imaginary component of (B.9) integrates to zero since

2m sin 0
- —0. 1
/0 40 cosf + A1 0 (3.10)
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Figure 11: These 2-d theory diagrams are trivially equivalent to their 4-d counterparts.

Similarly, in the last diagram, any insertions of the imaginary component of the loop-to-
loop propagator vanish. Therefore only the real component of the propagator contributes
- giving precisely the result for the 4-d theory. At order A? the only non-vanishing planar
diagram in either theory is the two-rung ladder (pictured in figure [L1] for the 2-d theory).
Thus the two theories agree at this level, however this is a direct result of the one-loop
proof given in [R§, RJ].

Up to order A3 there is only one other planar ladder diagram - the triple rung. The
triple rung is given by

3N3 21 1 T2 21 o1 o2
@ = W/o dTl/O dTQ/O dTg/O d01/0 dag/o do3 Dy, 73 Doy 7, Doy 7y -

Upon substitution of the 2-d theory propagator (B.9), we see that the terms involving an
odd number of insertions of the imaginary component vanish, whereas clearly three inser-
tions of the real component gives exactly the triple rung in the 4-d theory. We are therefore
left with the following equality, should the 2-d theory truly agree with the 4-d

3 2N . 2w 2w 2T 61 [
111:4—]\7;2<98?>322(095—c93)2(1—c95c93)/0 d¢/0 d01/0 d02/0 dipy i dips
« ( cos(¢+62)+A >< sin(p+12—61) >< sin(¢p—11) )
cos(¢p+62)+A~1) \cos(p+1pp —01)+A~1) \cos(p—1p1)+A~L
< sin(¢+62) )( cos(@+1p—01)+A >< sin(¢—11) > (3.11)
cos(p+02)+A"1 ) \cos(p+1pa—01)+ A1) \cos(d—1p1)+ A1

i <COS?EIJ£(Z$%3X‘I> (co;gﬁfgfzzﬁk‘l) <cg§(sti¢—_1/;1p)llt\j§1>}

= Sum of interacting diagrams of 4-d theory: X, H, IY, and 2-rung bubble

i.e., the triple-rung with two insertions of the imaginary component of the loop-to-loop
propagator ought to equal the sum of all remaining diagrams of the 4-d theory - the so-
called X, H, IY, and 1-loop corrected two-rung ladder (or “2-rung bubble”) diagrams. We
visit these diagrams individually in appendix [B; they are depicted in figure [LF.
The integrations in (B.11]) can be carried out rather simply because of the happy fact
that
sin ¢

W = —8¢ In (—A_l — COS (b) (312)
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where we have ensured that the argument of the In is always positive. The result is

I11 :% <£§TJ§>3 i% (ch} — ch2)? (1 — cBichE — |ch) — c@%]) (2m)3
. (rt -1 o (T 5, 21 2 (8.13)
X [—2L12< 2 )—ln <§>—|—21n7‘ In 2 —1—3}
where
. 1 — cO}ch + |ci} — b 1 1 — cOhch? — |c0f — b3
503562 ’ 503563 ’
AL = —% (r+ 7‘_1) . (3.14)

We are therefore interested in whether or not this expression can be recovered by the sum
of interacting diagrams of the 4-d theory.

3.3 Results

We will investigate the proposed relation (B.I1]) in the limit in which the two latitudes are
coincident. Looking at (B.1J) we see that in this limit (where r — 1)

3 A\ 2 1 2\2 2 ? 2

The evaluation of the X, H, and IY diagrams are collected in appendix [Bl The results in
the coincident limit 8} ~ 62 ~ 6, are as follows

231

= W§S490’h‘, :Hp+Hi1 +Hi2,
where
24 .2 2 2
N3 |h|s0p [ {(w2+w3)(2cot90p+cot 6o)—p (1—2w2)}
r= N2 10062 / dpdpdwadwsdzodzs
™o ((p-+cot o) /R (w) +py/Fa(w) ) R (w) Ra )
1 [(z§+2§)(2 cot 0o p+cot? 90)—/32(1—222)] (3.16)
X , (3.
V(=) + (w2 —22)%+ (w3 —23)° <(ﬁ+cot 90)¢Rl(z)+WRQ(Z))RI(Z)R2(,Z)
N3 |h|s0p [ {(p2+w§)(1—2w2)—w§cot90(00t90+2p)}
Hi, = NZ 4096 4/ dpdpdwodwsdzodzs
™o (w2 =1)v/Fa(w] +way/Raw) ) Ba (w) Ry(w)
1 [(52—1—7:32,)(1—27:2)—2% cot Op(cot 90—1—2[))}
X , (3.17)

V(p—p)2+ (we—22)2+ (w3 —23)? ((22 —1)y/Ri(2)+22y R2(Z)) Ri(2)Ra(2)
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A3 ’h‘ 3390 0o - w3 <1 + cot? 0o + 2pcot 6y — ZZU2>
Hi, = N2 4096 74 dp dp dws dws dzo dzg
e (VE@) + VRalw) ) Ry (w) Ro(w)
. 1 23 <1 + cot? 6y + 2p cot By — 2 ZQ) (318)
V(o= p)? + (wg — 22)% + (w3 — 23)? <\/R1(z) + \/RQ(Z))Rl(z)RQ(z)’
. A3 s200ch, o0 cot Oy (p* —w3 —w3) —2pwa+p(1+cot? )
(iy3)1 = mm\h’/_mdpdwdws Ry (0)"2 Ry (w)?2 , (319
. )\3 8290090 &
(iy3)y = N 3563 |h| /_OO dp dws dws In (p2 + wi + w%)
p(p* + w3 4+ w3) + cot Op(3p? + w3 + w3) — 2wap + p(1 + cot? ) 3.90
X 32 ()32 : (320)
Ry (w)?/? Ra(w)
where
Ri(w) = p* + wi + w3, Ra(w)= (p+ cotby)? + (wg — 1) + wl. (3.21)

The simplest way of seeing that these contributions do not add to zero is to take the special
case 0y = m/2. At this value of coincident latitudes, the (iy3); and (iy3)2 contributions
vanish individually. Then one can further show that the H,, H;,, and H;, contributions
are individually positive. Since the X contribution is clearly positive there can be no
cancellation. We have therefore found that the 2-d reduced model in light-cone gauge does
not agree with the N’ =4 SYM calculation.

4. Discussion

The stunning agreement found in section f| for the VEV of a single Wilson loop at O()\?)
is the result of an intriguing cancellation of interacting Feynman diagrams with rain-
bow /ladders. It certainly points to the capturing of these loops by a reduced model, which
for single Wilson loop VEV’s agrees with the proposal made in [g]. It is therefore curious
that the connected correlator seems not to be captured by an analogous computation.

As discussed in the introduction, it is not clear that a calculation in the reduced 2-d
model in another gauge might not produce a different result from (B.I3) for the connected
correlator; of course it would require a calculation on the order of complexity carried out
in the A/ = 4 theory here to answer that question. If it is true that the result (B.13) is
gauge invariant, then it is interesting to ask whether or not some kind of matrix model
might still capture the physics. To answer this question, a more careful analysis than
the one carried out here would be required. Specifically one would require the explicit
evaluation of the ladder diagrams equivalent between the 2-d reduced model and N = 4
SYM, and which therefore canceled each other out in our analysis.” One could then try
various guesses for matrix models, in the same spirit as [ff], where the Hermitian matrix
model describing the 1/2 BPS circle was shown to capture coincident loops to third order

"Further, the non-planar contributions could also be considered.
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in the ’t Hooft coupling. One could also attempt to generalize the calculation of Bassetto
and Griguolo [BZ] to the case of the connected correlator of two Wilson loops and compare
against that result.

There are also further analyses which could be carried out. One of these is to consider
the connected correlator in the limit as one of the latitudes shrinks to a point. A similar
limit was taken in the work [}, for two 1/2 BPS circles. There it was shown that the
shrunken Wilson loop is given by a sum of local operators, both protected and unprotected
by supersymmetry. The unprotected operators lead to terms which diverge as the logarithm
of the radius of the shrinking loop; these logarithms arise from the interacting graphs and
allow the determination of the operator’s anomalous dimension at first order in the 't Hooft
coupling. It would be interesting to repeat this analysis using the results collected here; we
leave this to a further publication. It would also be interesting to compute the connected
correlator at strong coupling, using string theory; there two-point functions with protected
operators may be accessible [[[J—PJ]. If so, the summation of ladder diagrams along the
lines of [0, BJ| could be attempted in the gauge theory and compared.
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A. Longitudes: divergence cancellation

It is known that the two-loop diagrams with internal vertices cancel-out for the 1/2 BPS
circle. However, here, in the case of two longitudes, we will not find the same cancellation.
We find a finite remainder, which is zero in the § = x limit. To begin, we re-cap the
cancellation mechanism for the 1/2 BPS circle. Equation (28) of [ gives the contribution
from the triple vertex diagram as

I(2w—2) (! _
23 :)\2W/0 dadf dy (oBv)* 25(1_04_5—7)

e(11 72 73)(1 — cos 13) (a1 — @) sin 712 + @y sin Ta3) (A.1)
X fdﬁ dro drg )
[aB(1 — cosTi2) + By (1 — cos T23) + yau(1 — cos T13)]
By using the identity
0 €(r11273)(1 — cosTi3)
%dﬁ dro drs o A23 =0 (A.2)

where A = af(1 — cosi2) + By(1 — cos1a3) + ya(l — cos 113), and w = 2 on the physical
dimension, one may relate X3 to the one-loop-corrected, single-rung ladder diagram, and
an extra piece which vanishes on the physical dimension.
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Figure 12: Simplest class of triple vertex diagrams for the two longitudes. The solid lines refer to
both scalars and gauge fields.

A.1 Insertions on a single longitude

The simplest class of triple vertex diagrams for the two longitudes are pictured in figure [[2.
We can use ([A1]) for these diagrams as well, the only difference being the range of the
loop parameters, which invalidates ([A.2). This means that after the cancellation of the
self-energy diagrams shown schematically in figure [[3, there is a finite quantity left-over.
If we take the range of the 7; to be between 0 and 7, then we have that the r.h.s. of (A.2)
is no longer zero but (under integration over «, 3, 7)

4 2 COS T3 — COS T
dTQ dTg 2w—3
0 0 [aB(1 + cos T2) + By(1 — cos Ta3) + ya(1l + cos 73)]

(A.3)

COS T3 — COS T2
[af(1 — cos 7o) + By(1 — cosTaz) + ya(l — cos 73)] 272 |

+

The complement of this contribution, where the loop parameters travel between 7 and 2, is

2m T2 — COS T3 + COS Tp
/ de/ drs 20—3
r x [aB(1 — cos2) + By(1 — cos To3) + ya(1 — cos 73)]* (A.4)

n — COS T3 + COS Tp
[aB(1 + cosT2) + Bv(1 — cosTa3) + ya(1 + cos7'3)]2“_3 '

By shifting the loop parameters by 7 in ([A.4) we find that it is just equal to (A.3). We
will see that these quantities are removed when we consider insertions between the two
longitudes.

A.2 Insertions between the two longitudes

The next class of triple vertex diagrams are those that connect the two longitudes. In
figure [LJ we have shown those with two insertions on the 0 — 7 contour, however we must
equally consider those with two insertions on the opposite contour. These diagrams can
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Figure 13: Triple vertex diagrams which connect two longitudes. These diagrams do not cancel
completely against the diagram shown in figure .

essentially be “read-off” from ([A:1)). The results are

AZ 2T I T ) ] )
:Z / d7'1 / dTg/ dTg 6(7’2 Tg){(yl - I9 -+ CoS 5) I3 - (81,2 — 8y1)
T 0 0

+ (Zo-d3—1) 7 - 39@3}(;'(?417962,333)

. ) (A.5)
)\ Y T iy . . .
— Z/ dTl/ dTg/ drs e(T Tg){(yg @34 ¢c0o560) Y1 - (Oyy — Ony)
T T 0
+ (yl : 112 - 1) jj3 : ay1 }G(y17y27$3)
where
I'(2w-3) [! o 1
G(y1, a2, 73) = W/ dadB dry (afy)* 26(1 —a — 6 - ’Y)ma
F(QW 3) w—2 1
G(y1,y2,73) = W/ dadBdy(afy) "6(1 —a—fB— ’Y)A2w—3
where
A =af(1 + o sin 71 sin 79 — cos T1 €OS T)
+ Bv(1 — cos To3) + ay(1 + o sin 7y sin 73 — cos 11 €os 73) (4.6)

A =af(1 — cos 12) + B(1 4 o sin 73 sin 73 — cos 7 cos 73)

+ ay(1 4 o sin 7 sin 73 — cos 71 cos 73)

and where o = cosd. In fact the second expression is just equal to the first, and so we are
free to take twice the first expression.

Our strategy will be to generalize the mechanism used for the 1/2 BPS circle, described
under equation (A.9), to the present case. We will be looking to cancel out the divergent
diagram shown in figure [[4. This diagram gives the following contribution (see equation

(12) of [{])

)\2I‘2 (w=1) 2 CoSs 0 cos t1 cos tg—sinty sintg — cos o
dty dtg
12872 (2—w)(2w— 3

e (A.7)

1+COS dsinty sintg —costy costy
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Figure 14: The one-loop-corrected one rung ladder; it is divergent and must be cancelled by the
diagrams shown in figure .

Therefore we will consider

0 €08 T] €COs T3 — 0 — sin 7 sin 73)

(
Or, A20-3 (A.8)
(2w—3 . . . . )
N [0 cos Ty cos T3 — o —sin 7y sin 73] Gy sin To3 —ary(o sin 7y cos T3+cos 71 sin 73)]
1
+T2w_2 [A] [— sin 71 cos T3 — o cos 71 sin 73]

where A = af3(1 + osin 7 sin g — cos 11 cos T2) + By(1 — cosma3) + ay(1 + o sin 7y sinTg —
cos 71 cos 73). The first contribution from the integrand in (A.3) is

1
Ayl =(y1- @2+ 0)d3- (%CQW = (3 —2w) {0(1 — €OS T1 €OS T9) + sin 7 sin 7o
1 (A.9)
X [ﬂ(a + ) sin 793 + a8 (o sin 71 cos T3 + cos T sin 7'3)} A3
We use ([A.§) to derive the following relation
2 T T
N/ dm / dTg/ drs (9 13) Ay
2m —0 —ocy 2 o —oc
—N —2w / dTl/ dT2A2w 3| / dTl/ dT2A2w 3|
T3=T 73=0
(A.10)

27
B
—|—N3—2w/ dT/dT/dTGTT —
( )ﬂ LA ) 3(23)A2w—2

_2/\2F(2w 3) IMHw—-1T(2-w) /27r 0 /’T G T TCIC + 515
92013 72w (2w —2)T'(5— ! M1+ osis1—creg) 23

where ¢; = cos 7;, s; = sin7;, finite terms multiplied by (2w — 4) have been suppressed, B;
is given along with similar contributions from the other portions of the integrand in (A.5)
in (A.19), and we have introduced the notation

)\2 _ 1
=5 % /0 dadBdyé(l —a— 3 —7)(afy)“ 2. (A.11)

In the limit w — 2 the singular contribution in the last line of (A.1() cancels (A7) exactly.
The first two terms represent finite quantities left over from this cancellation. We may now
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continue and derive similar identities for the remaining terms in ([A.§). Continuing with
the second term in the first integral of (A.5)

1
Ay = — (91 - 22+ 0)d3- 0y A3 = (3 —2w) [0(1 — cos Ty cos T2) + sin 7y sin 7o)
1 (A.12)
X [af sin a3+ a(B+7) (0 sin 71 cos T3+ cos 71 sin 73)] N
we use the derivative
1- 2w—
—Ory ( COS_T23) =— (2w=3) [1—cos To3][ 37 sin o3 — ay(0 sin Ty cos T3+ cos T sin 73]
A2w—3 A2w—2 (A 13)
1 . '
+ m [A] [Sln 7—23]
to derive
2 i s
/\// dTl/ dTg/ drs e(ToT3) Ay
s 0 0
2 s s B2
=N(3 - 2w) dm / dro dT3 e(m273) = (A.14)
21 1+02 21 1— 9
3 20.) [/ dTl/ dT2A2w 3|7—3 _ / dTl/ dT2A2w 3| o
Similarly for the third term in (A.F), we have
. . 1
Az = (2223 —1)y1 - 8x3m = (3 —2w) [0087'23 — 1}
(A.15)
X [B(o cos 11 sin T +sin 71 cos T9) —y(a+3) (0 cos 11 sin 73 +-sin 71 cos 73)] A3
and we use the derivative
(1 —cosTi3)
_ (2w-3) : . _ ,
N [1—cos 73] [@fB(0 cos 11 sin o +-sin 71 cos T2) + @y (o cos 71 sin T3+sin 71 cos 73)]
1 .
+m [A] [— SlH’7'13] .
We find
s s 2 s s 33
d’7'1 d7'2 ; dr3e(tom3) A3 = N(3—2w) [ dn d7'2 d7'3€(7'27'3)m

(1—c
N(3—2w) [/ dTg/ dr3e(ToT3) A% 3’3)2 (A.17)
73

(1
/dTg/ dr3€(ToTs A2W—2Tg) ]
T3=T
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Q=N rigt)

Figure 15: The interacting diagrams of the 4-d theory which contribute to the planar, connected
correlator of two Wilson loops. The gauge field lines are understood to also represent scalars - as
allowed by the couplings of N' =4 SYM.

The last line above cancels the contributions of (A.J) and (A.4) exactly. We are now in a
position to quote the finite result of the internal vertex diagrams, it is given by

B1+By+B
/dadﬂd751 a—pF—y [/ d7-1/ d7.2/ drse(Toms) 1+A§+ 3

_/ dT/dT (L+0)2+c+c)
! *laB(1+asis2—crca)+By(1+ez) +ay(1+er)]

(A.18)

where we have combined the surface terms from ([A.1() and (JA.14). A simple expression

for the sum of By, Bo, and Bj is given by

Bi + By + Bj :a’y(02 —1)[2s1(c3 — c2) — s1¢1(1 — cos Ta3)]
+ay(o 4 1)(s2 — s3)(c3 — c1) (A.19)
+ ay(o + 1) [sin 77 — sin 775 + sin 73] '

+ ay(o + 1) sin7os(1 — cos 715) + By(0 + 1)c183(1 — cos T23)

7‘57 = 7; + 7;. It is clear that at
0 = m, where 0 = —1, A3 is explicitly zero, as it must be, in order to coincide with the
known results of the 1/2 BPS circle.

where we have introduced some shorthand 7;; = 7; — 75,

B. Connected correlator: interacting diagrams

In this section we undertake the calculation of the diagrams depicted® in figure [[5, in the 4-d
theory, i.e. N' =4 SYM. We employ the Euclidean action in Feynman gauge, the details of
which (along with the conventions used here) are to be found in [f[] and [[]. We will find that
there is a divergence cancellation between the I'Y and 2-rung bubble, completely analogous
to the one found for the case of two 1/2 BPS Wilson circles in [[f]. The X and H diagrams will
also yield extremely similar - but not exactly the same - results as those found in [{] for the
1/2 BPS case. Due to the great similarity between the following calculation and that per-
formed in [], we will not be overly explicit. The reader is referred to [[] for further details.

The general strategy is to perform the integrals over the Wilson loop contours them-
selves, leaving the bulk integrations over the space-time points of interaction unevaluated.

8There is also a second I'Y diagram, where the two latitudes are exchanged.
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We will use the notation z(7) and y(o) to refer to the parametrizations of the two Wilson
loops at polar angles 96 and 93 respectively, along with their associated scalar paths ©,(7)
and O,(c). We will find the following integrals repeatedly useful

2T
1 2

I(6y) = / dr _ il
0 a+bcosT+csinT a? — (b2 + c2)
- b (VE— P+ D) —a

I1.(0p) = dr o7 = ( > (B.1)
0 a+bcosT+csinT a2 — (02 + 32) (b2 + 2)
21 ; 2mc \/m— a

1,(60) = / dr sint ( )
0 a+bcosT +csinT a2 — (b2 + 2) (b2 + ¢2)

where
a=p’+ wZ + %00 + (wg — 090)2, b= —2s6pwy, c= —2s0yw; (B.2)

and p? = wg + w%, where w = (wg, w1, wq,ws) is a space-time interaction point. We will
also make use of some further shorthand

Ry =p*+ w3 +w?, Ry=(p+cotby)®+ (wy —1)% +w3. (B.3)

B.1 X diagram

The X-diagram is given by

8 6N3 2 2 2 2
4%]\72 / dTl/ dTg/ dal/ doy

X [(il Y2 — Oz, - Oy, |T1]|Y2]) (T2 - Y1 — O, - Oy, |E2]|91])

(B.4)
— (&1 @2 — Oy - Oy |d1][d2]) (Y1 - Y2 — Oy, - Oy [91][92])
x (L) / d'u
Ar? (21— w)?(v2 — w)*(y1 — w)*(y2 — w)?
Evaluating the integrals over 71, 79,01, 02, we have
8gSN3 /1 \* 2
N () [t O30 ot [1.08)1(6)+ . O (5
—25%055°05(1—ch5c05) 1(6) 1(63) [1e(05)1e(63) +Ls(65)15(65)] (B.5)

+5005"05 (1°(0) [ 12 (00)+13(09)] +1%(8) [12(65)+15(65)])

SR (12008 + 1200) () 20R)) }
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where the I, I.., I; are given by (B.1)), (B.Z). In the coincident limit, when 6 — 62, one finds

A1\
~ o3 <4—2> 88510y |ch) — ch?|

(B.6)
- sl
~8nNz32”
B.2 H diagram
The H diagram is most compactly expressed in terms of an extended notation
iM = (2, —il2]07),  Opm = (04,0) (B.7)
with u=0,...,3and I =4,...,9, so that
M = 56y (—s7, 7, 0, 0; i cby cT, i chy sT, —i s6p, 0, 0, 0). (B.8)

The contribution of this diagram is given by

o () o [

/ / Ao (&8, — 20 (3-0) + i - §— OOy ][9] By — O]

where

(B.10)

e )(y w)?

and z = z(7) = (s03cr, s0s7,c08), y = y(o) = (sb3co, s03s0,ch3), ete. One finds

H'(w) = —2i 505505 (ct — 093)(13(98) (Ouwo1c(65)) — 1c(63) (8wols(96)))

H®(w) = —2i 505505 (ct —098)(18(98) (O 1(00)) — Le(65) (Ou, L (%))) (B.11)
Hb(w) =0

HM(w) = s05s02(1 — chych?) [10(95) (0w, 1c(05)) — 1(03) (0w, Ic(6)))

FL(08) (9, To(03)) ~ (63) (0, 1(O))]  (B12)
— 5203503 [ 1(68) (0, 1(63)) — 1(63) (9, 1(69)) .
Taking the coincident limit, we find that H' leads to subleading terms while H%! leads to

the contribution H, below and H>* lead to the contributions H;, and H;,. The second
space-time interaction point is given by z = (pi, 22, 23), where 4 is a unit two-vector.

A3 |h|s36g
H, = N2 4096 4/ dpdpdwydwsdzadzs

(w3 +w2) (2 cot Oyp+cot? Op) —p2(1—2w2)]

((p-+cot 09)y/Fa{w) +py/Ra(w) ) Ry (w) R (w)

1 [(zz +22)(2 cot pp+cot? ) — p? (1 — 2z2)}

V(0=p)2+ (w2 —22)2 4 (w3 — 23)? <(ﬁ+cot 90)\/Rl(z)—I—ﬁ«/Rg(z))Rl(z)Rg(z)

X , (B.13)
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A3 |h|s36, [(p2—|—w§)(1—2w2)—w% cot Oy (cot 90+2p)}
Hiy = +5 4/ dpdpdwydwsdzadzs
N? 40967 (w2 = 1)y/B (w) + 3/ R (w) ) Ry (w) R )
1 [(ﬁz+z§)(1—2z2)—z§ cot Oy (cot 90—1—2[))]
X — = , (B.14)
V(0= p)?+ (w2 —22)2 4 (w3 — 23) (22— )v/Ri(z +22\/R2(z)>R1(z)R2(z)
A3 ‘h’ 390 w3<1—|—cot2 0o + 2p cot Oy —QZU2>
is = w3 1096 73 dpdp dwsy dws dzs dzs
N (VRi(w) + V/Ralw) ) Ry (w) Ra(w)
1 Z3<1—|—cot2 0o + 2p cot Oy —2z2>
X (B.15)

V(o= p)? + (wa — 22)% + (w3 — 23) (\/R1 + \/RQ(z))Rl(z)Rg(z)’
B.3 IY and two-rung bubble divergence cancellation

In this subsection we will demonstrate the cancellation of the divergence stemming from
the two-rung bubble against the divergent part of the I'Y diagram. The finite parts left-over
from this cancellation are calculated. The strategy follows [H] closely; Feynman parameters
are introduced in favour of bulk integrations in order to demonstrate the cancellation, then
the finite left-overs are re-cast in terms of bulk integrations.

The IY diagram is given by

)\3 2 ] ]
1Y = W/O dﬁf(ﬂ) %dTl dT2 dO’l E(Tl Tg) {D(Tl,dl) [xg . ayl — X9 81,1]
(B.16)
+ D(71,72) 1 '3x1}G(9€179€27y1)
where ( 0ich?) 9+ A 01 s6?
1 —cl;c cosv + slss
F) 82 cos ¥ + %’ 2 — 1’ ( )
and
D(r,0)=503s05 [(1—cOjct) cos(t—a)—s63s03] , D(71,79) =5} (cos 11 —1), (B.18)
and
E(r1 ) =27sgn(r — 1) — 2(11 — T2). (B.19)

The triple-vertex kernel G(z1,x2,y1) is given in dimensional regularization (d = 2w) by

I'(2w— 3)/ (aBy)“ 7?61 —a—B—7)

G(x1, xa, ———— | dadfdy .

(@122, 01) = 2072 ’ T [aB(@ —w2)2+ 67 (w2 —y1 2+ ar(w —y1)2]22
(B.20)

We rewrite (B.16) as
3 2m _
Iy = & / 49 F (V) 7{ dri drs do %
0

(B.21)

1
X 2(2w — 3) /0 dadBdy (aBy)“ 261 —a—3—7)O
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where

O= % {395398 (COS(Tl —01)[chichs —1] +39:0198) ((2a+ﬂ)’ys€é s62 sin(o] —13)
—(2y+B)as’6] sin 7'12) +5405 (1—cos 712) (26+7) s 503 sin (1 — o) },
and where

A =2a85%05 (1 — cosT12) + 267 (1 — 50305 cos(r2 — o1) — cfjch)
+ 20y (1 - s03 502 cos(my — o1) — 696698) .

After [f] we consider the following total derivatives

Ky = —% (cos B cos 63 — 1) sin® 85 O, <E(71 72)7(1 — T12)>

A2w—3
$21 1—cosT
:_Tg@%w@AJ}%ﬂnﬁ+ﬂL7@;§2
s20} 01 02 E S 71
+T (C 0CYy — 1) (Tl 7—2) m

5208 (cB}ch2 — 1) E(my 72) (3 — 2w)(1 — cos T12)
" —aﬁszﬁ(l] sin 7y — ﬁ7896398 sin(oq — 72)

A2w—2
cos(1 — o1 )[chic? — 1] + sOLs6?
Ky = 393398 O, (E(Tl 2) 4! 1)[A02w—03 | - 0>
cos(1y — o1)[cOich? — 1] + s6} s62
— 01502 [4mo(r1g) — 2 2T M&& [ oot
sin(my — o
sBUSREry Bt — 1) =)

15085022 (3 — 2w) E(1 12) (cos(my — o1)[ch5ch2 — 1] + 896898)

[aﬂsz% sin 719 — aysO}s03 sin(og — 7'1)]
X A2w—2
s0ks0? cos(1y — o1)[chch? — 1] + s0k 56?2
K3 = 702 u a‘rg <E(7'1 7'2) ( ! 1)[A02w_03 ] 0 0)
501562 cos(my — o1)[cOich? — 1] + shlsh?
_ 02 0 [—471‘5(7‘12) +2] ( 1 1)[A02W_03 ] 0°Y0

+505502 (3 — 2w) E(1 12) (cos(m — o1)[efged — 1] + s03s63)
[—aﬁszﬁé sin 7y — ﬁ7896398 sin(oq — 7‘2)]
x AZo—2

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

The sum of the three r.h.s. ’s may be expressed as follows (where we use manipulations
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valid under the integrations in ([B.21]))

Ky + Ko + Ky — 2m8(r12) s01562 cos(t1 — a1)[ch}ch? — 1] + 505363

A2w—3
91 ¢l 02 (1 —cosTi2) ocos(Ty — o1)[cO§ch? — 1] + s0} 502
—S 90 (000000 — 1) W — 90 9 A2W—3
291 nr sin(ty — o
+T (cBich2 — 1) E(my Tz)Az 24 s08s0% E(my 1) (1 — 006098)%
s208af sin 19+ 504038 sin(o1 —72)

H3—2w)s%0} (B ch2 —1) E(r172) (1 —cos T12) A2o—2

+(3 — 2w) 503502 E(11 ) (cos(m1 — o1)[cOichd — 1] + 396393)
296aﬁ sin 7y — 289(1]89801’7 sin(o; — 1) — 89689867 sin(o1 — 72)
A20—2 :
We would now like to reconstitute (B.23) using the terms proportional to E(7; 72) in (B.27).
We do this by first stripping-off terms proportional to (4 — 2w) by writing (3 — 2w) =
(4 —2w) — 1. We define

_E(Tng) 8293
V= A2w—2 92

(B.27)

(cBych? — 1) sinTio A + 503502 (1 — cBychE) sin(my — 1) A (B.28)

520} (cB}ch2 —1)(1—cos 7'12)<s29:0[a[3 sin 719+ s03 502 3y sin (o — 7 )>
—500s05 (cos(ri — o1)[cfycd — 1] + s05565)

X <32960z[3 sin 719 — 2393898@7 sin(oy1—711)— Sﬁésﬁgﬁv sin (o —7‘2)) },

so that
o cos(11 — 1) e} e — 1] + s0}s63
Z K; = U+ 278(712) 504563 A%o—3 (B.29)
_ 1.02 1.92
200 (copepz — 1) Lo CosTi2) A;ﬂ’i??) 56350251 1)[6202(;9_03 1 sty
5205 aB sin 110+ 50} 502 3 sin(oy — T
H4—2w)s%05 (B2 —1) E(1172) (1 —cos T12) —> b 12 A22—20ﬁ7 (01=72)
+(4 — 2w) $6% 502 E(11 13) (cos(my — o1)[cOic2 — 1] + s6} 562
( ) 6505 0o 05
" 829(1]0(ﬁ sin 119 — 256} s@ocw sin(oy — 1) — 896398ﬁ7 sin(oy — 72)
A2w—2 ’
then, expressing the last two terms with derivatives, we have
cos chich2 — 1] + s6}s02
= U + 276(712) 500 562 (n = o)l AOQW_OS I+ 6036 (B.30)
_ 1.p02 1.p2
26} (cthes — 1) Lo T2) A;ff?z) _ shsp2esm 1)[620229_03 1+ sBosby
4 —2w) s%6} 1
§3 ; 5 =0 (chich? — 1) B(ry 1) (1 — cos T12) (—Ory) A3
4 — 2w 1 1
23 2w§ s00s03 E(11 72) (cos(mi — o1)[cpedf — 1] + 50550 <571 + §8T2> =t
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then using integration by parts in 7, 79,

28(T12) 1 9 cos(T1 — o) [cO3ch3 — 1] + s0}s03
— ———= sbys0; -
(3 —2w) A2w=3
s208 (cO§ch2 — 1) (1 —cosTi2) ~ sOis03 cos(t1 — o1)[cOchE — 1] + 504563
(3 —2w) A2w=3 (3 —2w) A3

(4 —2w) E(1172) 26}

1 2 . 1 2 .
T (3-2w) A2 (cfycty — 1) (T sin 719 — s6 505 sin(7) — a1)>.

=U

(B.31)

One can then show that

E(Tl TQ)
O=V+—7

E(nt .
A(Zi_g) 8396898696 (098 — cﬂé)(2ﬂ + v)a(l — cosTy2) sin(m — 01),

e} — c02)2 v(1 — 7) (526} sin o — 250 s62 sin(1) — o
0 0 0 05Y%
(B.32)

and therefore
O = total deriv. + (IY)sg + (IY)1 + (Y )2+ (IY)3 + (1Y )w—2, (B.33)

since ) K is a total derivative, and where we have introduced

270 (112) s0Ls62 cos(t1 — a1)[chich2 — 1] + 503563
(3 — 2w) A2w—3
20k (c01ch2—1) (1—cos 119 508502 cos(mi—o1)[clich? — 1]+ 50} s62
(Iv); = — 220\ %%% 8680y 0% 0%
! (3= 2w) A20=3 (3-2w) A20=3
E(11719)

(IY)y = NN (B — cB2)*y(1 — ) (sQH(% sin Ty — 2503502 sin(7 — 01))

EA(;E)Z) $308 50208 (cO3 — c03) (26 + v)a(l — cosT19) sin(r — o1)  (B.35)
(4—20) B(Tim) , 21 0 s20}
60w azes (Goth—1) (5

(1Y s = (B.34)

(IY)3 =

(IY)p—2 = sin 719 — 635602 sin(r; — 01)).

Plugging these forms back into (B-21]) one finds that half of the 1-loop corrected two-rung
diagram is canceled by (IY)sg (the 6§ < 63 piece takes care of the other half), and that
(IY)y—2 is zero on the physical dimension w = 2. The remaining terms (IY); 2 3 are finite
on the physical dimension and must be evaluated (along with their 6} < 62 counterparts).
In the following subsections we recast (IY');2,3 in terms of bulk integrations.

B.3.1 (IY),
Plugging (1Y), from (B.34)) into ([B.21]), and reverting to bulk integration, one finds
23
pRiere
, 5205 (cO5c02—1)(1—cos T12) +50 502 (COS(Tl —o1)[chbch?—1] —i—s%s@%)
X / d*w

1
1T e — 1+ |0 — cbg)) 616 jé dry dry doy (B.36)

(r1 — w)?(z2 — w)* (1 — w)? ’
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where we have used the result
27 1
/ di F(9) = - (cOpeff — 1+ |ct — cB3)) - (B.37)
0 78

We now continue by integrating over 7,79, and o1. We find
X1
~ 4ANZ24r

x | 520803 (et} — cO3) T2(08)1(63) 5208 (cOh e — 1) (12(03)+12(68)) 1(63)

1
II 1.92 1 1 2 / 4 B.
1 (cOycty + |cfy — b)) 61,6 d*w (B.38)
50307 (0303 — 1) (1.(68) L.(63) + 1,(63) L.(63)) 1(6b))-
Taking the coincident limit, one finds this contribution to be subleading.

B.3.2 (IY),

This contribution is significantly more complicated due to the presence of the E(7y 72) in
the integrand. Plugging (IY)s from (B.3H) into (B.21), we need to evaluate

IL;

)\3 1 1 .2 1 2 1 2\2 1 0 1 4
— mg (690690 -1 + |C€0 — C90|) (COO — 090) 2(696 — 69(2]) 8(608) 647T6 /d w

<829(1] sin 719 — 239(1]39(2] sin(m — 01)>

X%dTldngdlE(Tl TQ) (B.39)

(1 —w)? (z2 — w)? (y1 — w)?

where we treat cf? and s2 as independent variables for the purposes of differentiation,
and therefore must be cautious not to use trigonometric identities which relate them until
after the derivative has been taken. With this prescription

A =2a85*04(1 — cos T12) + By [0 + 5°05 + (O} — cbF)? — 2565505 cos(r2 — 01)]

B.40
+ ay [$%05 + %05 + (cbf — c83)* — 2503505 cos(1 — 01)] ( )

and hence the factor v(1 — v) in (B.3%) is obtained through the derivative in ¢fy. The
evaluation of the integrals over 71,7, and o7 are as in [ff]. The results are

sin7'12
C E?{deTdO’ E(r
I e el F sl gy
3 2 (12 1 .2
B 64 a <a1+\/a1 (b1+cl)) (BA1)

— n
Val— O+ 3)ai — 03+ ) (B +cf) 2/a? — (07 + )

Cy = j{dTl dry doy E(7172) (z1 — w)sl(]z;(;—l—_w(;;)(yl —w)

3273 b1by + c1e9
vt — (0] + ) va3 — (03 +33) (12 + 2) [ag +JaE - R+ cg>]

x In (“l ol — (G + C%)> (B.42)

2 a% — (b%—i—c%)

2

2
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where the {a,b,c}; are given by (B.J) and where the index refers to either 6} or 63. We
therefore have that

A1 (chh—ch?) 1

IIy= IN? in (cBpcdf —1+|cOi —cbj)) 5 It /d4w8698 (s265C1 —256565C5) -
(B.43)
Taking the coincident limit, one finds this contribution to be subleading.
B.3.3 (IY);
Looking at (B.35) we see that we must express the integrand
E(r 7 .
%(2@[3 + ay)(1 — cos1y2) sin(1y — 01) (B.44)

without Feynman parameters. Referring to (B.4(), and again treating sy and cfy as
independent, we see that

DA = 4a 505 (1—cos T12) +287(s08 — 502 cos(mo— 1)) +2ay (505 — s02 cos(T1 —071))
D2 A = 267(s0% — 564 cos(1y — 1)) + 2ay(s02 — 503 cos(r1 — 1)) (B.45)

and therefore
(3968895 - 39(2]8593> A = 4aB5*05(1 — cos T12) + 27(1 — v) (s*0y — s%63) . (B.46)
Whereas

(1 —cosT12)07, A =(1 — cos T12) [20&ﬁ8296 sin 719 + 2@7895398 sin(m — 01)]
=sin T2 [A — By [s%09+ %05+ (cfy — c03)* — 2503505 cos(r2— 1) ]

— ary [8%05+ %05+ (0 — c03)? — 250503 cos(m1 —01)]]

(B.47)
+ 2ays0h 502 sin (11 — 1) (1 — cos T12)
=sin o [A — (1 —7) [s*65 — s°05 + (c0) — c83)?] — 8988593 A]
+ 2ays04 502 sin(m — 01)(1 — cos T12).
We therefore have that
(2o + ay)(1 — cos Ti2)sin(ry —o1) (3958803 - 39885(98) sin(r; — o1)
A2 O 2(3— 2w)s26} A3
(1) (s%6¢—s%603) sin(1 —ay) (1—cosT12) 1
LT A% T3 2w)s03s03 AT (g
sin T12 1 sin T12 1

T 201502 AZ3 1 2(3 — 20)508 OV Ao
(265 — 203 + (e} — c03)?] 1
250} 502 A2w=2"

+ (1 — ) sin 72
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We now can express the y(1 — «) as a derivative in 093, as per the previous subsection.
Further we note that under integration (and for w = 2)
(1 — cosTy2) 1

= B.49
(3 — 2w)sf}s02 A2w—3 ( )

(1 —cosTy2) 1 sin 719 1
2(3 — 2w)sfish2 TN A3 2500502 A20—3

E(Tl 7'2) [

by integration by parts in 7. The r.h.s. is then integrated as per (IY);, and expressed
in terms of I(0y),I.(00), Is(6p). The (IY)s contribution from (B.3§), once plugged-in
to (B.21), is then expressed as

X1
CAN? 4r

1

1
I, (cBct] — 1+ et — b)) 5°05 505 c05 (e — cb3) / dw
/I

(B.50)

+ (wgas% — 5630, — (cB) + c6) acgg> Cs

2520
1
+ S 10D [0 - 220~ 0]}

In taking the coincident limit one finds leading contributions which we have labelled (iy3);
and (iy3)2 and are given by

A3 526qchg o0 cot O (p? —w3 —w?) —2pwy + p(14-cot? fy)
y3)1=->5——|h|| dpdwsd = B.51
(3)1= 3 35675 | ‘/_OO padits Ry (0)32 Ry(w)3/2 (B-51)
. A3 s20och o
(Z’y3)2:—m 2527T30 |h / dp dwsy dws In (p2 + w3 +w3)
" p(p? + w3 + w3) + cot Op(3p* + w3 + w3) — 2w2p + p(1 + cot? Oy) (B.52)
R, (w)3/2R2 (w)3/2 ’ ’
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